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<latexit sha1_base64="6YT0jmVcezzxNIGi1Vg5PnIWsvM="></latexit>

�1 � �2 � · · · � 0
<latexit sha1_base64="0HHRtlRTR1e4r+0mLPsXxiUhDo8="></latexit>
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In this supplemental material, we give the detailed structure of the neural networks used in this work, and provide extra
information about the MPO representation, such as performance on more datasets, di↵erent factorization manners, entanglement
entropy grasped, the influence of L2 regularization, convergence of training, and so on. The material will help to understand our
work better. The corresponding source code used in this work is available at https://github.com/zfgao66/deeplearning-mpo.

I. Structure Details of the Neural Networks

The used structures of FC2, LeNet5, VGG, ResNet, DenseNet in this paper are summarized in Tab. II-VII, and their prototypes
can be found in Refs. [1–5], respectively. In order to simplify the descriptions, firstly we introduce some short-hands summarized
in Tab. I which are used in this material.

Abbreviation Meaning

MaxPo a max-pooling layer
AvgPo an average-pooling layer
Conv a convolutional layer

ConvUnit a unit composed of convolutional layers
ResUnit a unit introduced in ResNet

ResBlock a block composed of several ResUnits
DenseUnit a unit introduced in DenseNet

BN batch normalization

[w, h; c; s] a convolutional layer with c kernels
each with width w height h and stride s

[w, h; s] a pooling layer with pooling
width w height h and stride s

{w, h; c; s, t} a ResUnit composed of two convolutional layers
denoted as width {w, h; c; s} and {w, h; c; t} resp.

Npara number of parameters in the linear layers

Represented whether this block of layers are represented
by MPO in the preliminary test

TABLE I: The short-hands used in this material.

No. Layer name Input size Output size Comment Npara Represented

1 FC 28⇥28 256 200704 Yes
ReLu

2 FC 256 10 2560 Yes
Softmax

TABLE II: The FC2 network structure used in this work. ReLu and Softmax are element-wise operations, whose details are not shown here
and after.

<latexit sha1_base64="8JEAWr/aRxDkpFtv65yIH8nw1FQ="></latexit>

M4,4,4,4
4,7,7,4 (� = D)

<latexit sha1_base64="tk/ipW5tggSWGF3apjBzdibE3Gw="></latexit>

M1,1,10,1
4,4,4,4 (� = 4)

ZE-FENG GAO et al. PHYSICAL REVIEW RESEARCH 2, 023300 (2020)

For convenience, we use MPO-Net to represent a deep neu-
ral network with all or partial linear layers being represented
by MPOs. Moreover, we denote an MPO, defined by Eq. (5),
as

MJ1,J2,...,Jn
I1,I2,...,In

(D). (8)

To quantify the compressibility of MPO-net with respect to a
neural network, we define its compression ratio ρ as

ρ =
∑

l N (l )
mpo∑

l N (l )
ori

, (9)

where
∑

l is to sum over the linear layers whose transfor-
mation tensors are replaced by MPO. N (l )

ori and N (l )
mpo are the

number of parameters in the lth layer in the original and MPO
representations, respectively. The smaller is the compression
ratio, the fewer number of parameters is used in the MPO
representation.

Furthermore, to examine the performance of a given neural
network, we train the network m times independently to obtain
a test accuracy a with a standard deviation σ defined by

a = ā ± σ, (10)

σ = 1√
m − 1

[
m∑

i=1

(ai − ā)2

]1/2

, (11)

where ai is the test accuracy of the i-th training procedure. ā
is the average of {ai}. The results presented in this paper are
obtained with m = 5.

A. MNIST data set

We start from the identification of handwritten digits in
the MNIST data set [57], which consists of 60 000 digits for
training and 10 000 digits for testing. Each image is a square
of 28 × 28 grayscale pixels, and all the images are divided
into ten classes corresponding to numbers 0 ∼ 9, respectively.

1. FC2

We first test the MPO representation in the simplest text-
book structure of neural network, i.e., FC2 [56]. FC2 consists
of only two fully connected layers whose weight matrices
have 784 × 256 and 256 × 10 elements, respectively. We re-
place these two weight matrices, respectively, by M4,4,4,4

4,7,7,4 (D)
and M1,1,10,1

4,4,4,4 (4) in the corresponding MPO representation.
Here we fix the bond dimension in the second layer to 4, and
only allow the bond dimension to vary in the first layer.

Figure 2 compares the results obtained with FC2 and the
corresponding MPO-Net. The test accuracy of MPO-Net in-
creases when the bond dimension D is increased. It reaches the
accuracy of the normal FC2 when D = 16. Even for the D = 2
MPO-Net, which has only 1024 parameters, about 200 times
less than the original FC2, the test accuracy is already very
good. This shows that the linear transformations in FC2 are
very local and can indeed be effectively represented by MPOs.
The compression ratio of MPO-Net decreases with increasing
D. But even for D = 16, the compression ratio is still below
8%, which indicates that the number of parameters to be
trained can be significantly reduced without any accuracy loss.
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FIG. 2. Performance of the MPO representations in FC2 on
MNIST. The solid straight line denotes the test accuracy obtained
by the normal FC2, 98.35% ± 0.2%, and the dashed straight lines
are plotted to indicate its error bar.

2. LeNet-5

We further test MPO-Net with the famous LeNet-5 net-
work [2], which is the first instance of convolutional neural
networks. LeNet-5 has five linear layers. Among them, the last
convolutional layer and the two fully connected layers contain
the most parameters. We represent these three layers by three
MPOs, which are structured as M2,5,6,2

2,10,10,2(4), M2,3,7,2
2,5,6,2 (4), and

M1,5,2,1
2,3,7,2 (2), respectively. The compression ratio is ρ ∼ 0.05.
Table I shows the results obtained with the original and

MPO representations of LeNet-5. We find that the test ac-
curacy of LeNet-5 can be faithfully reproduced by MPO-
Net. Since LeNet-5 is the first and prototypical convolutional
neural network, this success gives us confidence in using the
MPO presentation in deeper neural networks.

B. CIFAR-10 data set

CIFAR-10 is a more complex data set [58]. It consists of
50 000 images for training and 10 000 images for testing. Each
image is a square of 32 × 32 RGB pixels. All the images
in this data set are divided into ten classes corresponding to
airplane, automobile, ship, truck, bird, cat, deer, dog, frog, and
horse, respectively. To have a good classification accuracy,
deeper neural networks with many convolutional layers are
used. To show the effectiveness of MPO representation, as a
preliminary test, we use MPOs only on the fully connected

TABLE I. Test accuracy a and compression ratios ρ obtained in
the original and MPO representations of LeNet-5 on MNIST and
VGG on CIFAR-10.

Original Rep MPO-Net

Data set Network a (%) a (%) ρ

MNIST LeNet-5 99.17 ± 0.04 99.17 ± 0.08 0.05
CIFAR-10 VGG-16 93.13 ± 0.39 93.76 ± 0.16 ∼0.0005

VGG-19 93.36 ± 0.26 93.80 ± 0.09 ∼0.0005
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No. Layer name Input size Output size Comment Npara Represented

1 Conv 28⇥28 28⇥28⇥6 [5,5;6;1] 150
ReLu

MaxPo 28⇥28⇥6 14⇥14⇥6 [2,2;2]
2 Conv 14⇥14⇥6 10⇥10⇥16 [5, 5; 16; 1]np 2400

ReLu
MaxPo 10⇥10⇥16 5⇥5⇥16 [2,2;2]

3 Conv 5⇥5⇥16 120 [5, 5; 120; 1]np 48000 Yes
ReLu

4 FC 120 84 10080 Yes
ReLu

5 FC 84 10 840 Yes
Softmax

TABLE III: The LeNet5 network structure used in this work. Here the subscript np is used to emphasize that no padding is used in convolutions
there.

No. Layer name Input size Output size Comment Npara Represented

1 ConvUnit 32⇥32⇥3 32⇥32⇥64 2⇥[3,3;64;1] 38592
ReLu

MaxPo 32⇥32⇥64 16⇥16⇥64 [2,2;2]
2 ConvUnit 16⇥16⇥64 16⇥16⇥128 2⇥[3,3;128;1] 221184

ReLu
MaxPo 16⇥16⇥128 8⇥8⇥128 [2,2;2]

3 ConvUnit 8⇥8⇥128 8⇥8⇥256 2⇥[3,3;256;1] 884736
ReLu

4 Conv 8⇥8⇥256 8⇥8⇥256 [1,1;256;1] 65536
ReLu

MaxPo 8⇥8⇥256 4⇥4⇥256 [2,2;2]
5 ConvUnit 4⇥4⇥256 4⇥4⇥512 2⇥[3,3;512;1] 3538944

ReLu
6 Conv 4⇥4⇥512 4⇥4⇥512 [1,1;512;1] 262144

ReLu
MaxPo 4⇥4⇥512 2⇥2⇥512 [2,2;2]

7 ConvUnit 2⇥2⇥512 2⇥2⇥512 2⇥[3,3;512;1] 4718592 Yes
ReLu

8 Conv 2⇥2⇥512 2⇥2⇥512 [1,1;512;1] 262144
ReLu

MaxPo 2⇥2⇥512 512 [2,2;2]
9 FC 512 4096 2097152 Yes

ReLu
10 FC 4096 4096 16777216 Yes

ReLu
11 FC 4096 10 40960 Yes

Softmax

TABLE IV: The VGG-16 network structure used in this work. Here a ConvUnit denoted with m⇥ means m convolutional layers separated by
ReLu.
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For convenience, we use MPO-Net to represent a deep neu-
ral network with all or partial linear layers being represented
by MPOs. Moreover, we denote an MPO, defined by Eq. (5),
as

MJ1,J2,...,Jn
I1,I2,...,In

(D). (8)

To quantify the compressibility of MPO-net with respect to a
neural network, we define its compression ratio ρ as

ρ =
∑

l N (l )
mpo∑

l N (l )
ori

, (9)

where
∑

l is to sum over the linear layers whose transfor-
mation tensors are replaced by MPO. N (l )

ori and N (l )
mpo are the

number of parameters in the lth layer in the original and MPO
representations, respectively. The smaller is the compression
ratio, the fewer number of parameters is used in the MPO
representation.

Furthermore, to examine the performance of a given neural
network, we train the network m times independently to obtain
a test accuracy a with a standard deviation σ defined by

a = ā ± σ, (10)

σ = 1√
m − 1

[
m∑

i=1

(ai − ā)2

]1/2

, (11)

where ai is the test accuracy of the i-th training procedure. ā
is the average of {ai}. The results presented in this paper are
obtained with m = 5.

A. MNIST data set

We start from the identification of handwritten digits in
the MNIST data set [57], which consists of 60 000 digits for
training and 10 000 digits for testing. Each image is a square
of 28 × 28 grayscale pixels, and all the images are divided
into ten classes corresponding to numbers 0 ∼ 9, respectively.

1. FC2

We first test the MPO representation in the simplest text-
book structure of neural network, i.e., FC2 [56]. FC2 consists
of only two fully connected layers whose weight matrices
have 784 × 256 and 256 × 10 elements, respectively. We re-
place these two weight matrices, respectively, by M4,4,4,4

4,7,7,4 (D)
and M1,1,10,1

4,4,4,4 (4) in the corresponding MPO representation.
Here we fix the bond dimension in the second layer to 4, and
only allow the bond dimension to vary in the first layer.

Figure 2 compares the results obtained with FC2 and the
corresponding MPO-Net. The test accuracy of MPO-Net in-
creases when the bond dimension D is increased. It reaches the
accuracy of the normal FC2 when D = 16. Even for the D = 2
MPO-Net, which has only 1024 parameters, about 200 times
less than the original FC2, the test accuracy is already very
good. This shows that the linear transformations in FC2 are
very local and can indeed be effectively represented by MPOs.
The compression ratio of MPO-Net decreases with increasing
D. But even for D = 16, the compression ratio is still below
8%, which indicates that the number of parameters to be
trained can be significantly reduced without any accuracy loss.
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FIG. 2. Performance of the MPO representations in FC2 on
MNIST. The solid straight line denotes the test accuracy obtained
by the normal FC2, 98.35% ± 0.2%, and the dashed straight lines
are plotted to indicate its error bar.

2. LeNet-5

We further test MPO-Net with the famous LeNet-5 net-
work [2], which is the first instance of convolutional neural
networks. LeNet-5 has five linear layers. Among them, the last
convolutional layer and the two fully connected layers contain
the most parameters. We represent these three layers by three
MPOs, which are structured as M2,5,6,2

2,10,10,2(4), M2,3,7,2
2,5,6,2 (4), and

M1,5,2,1
2,3,7,2 (2), respectively. The compression ratio is ρ ∼ 0.05.
Table I shows the results obtained with the original and

MPO representations of LeNet-5. We find that the test ac-
curacy of LeNet-5 can be faithfully reproduced by MPO-
Net. Since LeNet-5 is the first and prototypical convolutional
neural network, this success gives us confidence in using the
MPO presentation in deeper neural networks.

B. CIFAR-10 data set

CIFAR-10 is a more complex data set [58]. It consists of
50 000 images for training and 10 000 images for testing. Each
image is a square of 32 × 32 RGB pixels. All the images
in this data set are divided into ten classes corresponding to
airplane, automobile, ship, truck, bird, cat, deer, dog, frog, and
horse, respectively. To have a good classification accuracy,
deeper neural networks with many convolutional layers are
used. To show the effectiveness of MPO representation, as a
preliminary test, we use MPOs only on the fully connected

TABLE I. Test accuracy a and compression ratios ρ obtained in
the original and MPO representations of LeNet-5 on MNIST and
VGG on CIFAR-10.

Original Rep MPO-Net

Data set Network a (%) a (%) ρ

MNIST LeNet-5 99.17 ± 0.04 99.17 ± 0.08 0.05
CIFAR-10 VGG-16 93.13 ± 0.39 93.76 ± 0.16 ∼0.0005

VGG-19 93.36 ± 0.26 93.80 ± 0.09 ∼0.0005
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No. Layer name Input size Output size Comment Npara Represented

1 Conv 28⇥28 28⇥28⇥6 [5,5;6;1] 150
ReLu

MaxPo 28⇥28⇥6 14⇥14⇥6 [2,2;2]
2 Conv 14⇥14⇥6 10⇥10⇥16 [5, 5; 16; 1]np 2400

ReLu
MaxPo 10⇥10⇥16 5⇥5⇥16 [2,2;2]

3 Conv 5⇥5⇥16 120 [5, 5; 120; 1]np 48000 Yes
ReLu

4 FC 120 84 10080 Yes
ReLu

5 FC 84 10 840 Yes
Softmax

TABLE III: The LeNet5 network structure used in this work. Here the subscript np is used to emphasize that no padding is used in convolutions
there.

No. Layer name Input size Output size Comment Npara Represented

1 ConvUnit 32⇥32⇥3 32⇥32⇥64 2⇥[3,3;64;1] 38592
ReLu

MaxPo 32⇥32⇥64 16⇥16⇥64 [2,2;2]
2 ConvUnit 16⇥16⇥64 16⇥16⇥128 2⇥[3,3;128;1] 221184

ReLu
MaxPo 16⇥16⇥128 8⇥8⇥128 [2,2;2]

3 ConvUnit 8⇥8⇥128 8⇥8⇥256 2⇥[3,3;256;1] 884736
ReLu

4 Conv 8⇥8⇥256 8⇥8⇥256 [1,1;256;1] 65536
ReLu

MaxPo 8⇥8⇥256 4⇥4⇥256 [2,2;2]
5 ConvUnit 4⇥4⇥256 4⇥4⇥512 2⇥[3,3;512;1] 3538944

ReLu
6 Conv 4⇥4⇥512 4⇥4⇥512 [1,1;512;1] 262144

ReLu
MaxPo 4⇥4⇥512 2⇥2⇥512 [2,2;2]

7 ConvUnit 2⇥2⇥512 2⇥2⇥512 2⇥[3,3;512;1] 4718592 Yes
ReLu

8 Conv 2⇥2⇥512 2⇥2⇥512 [1,1;512;1] 262144
ReLu

MaxPo 2⇥2⇥512 512 [2,2;2]
9 FC 512 4096 2097152 Yes

ReLu
10 FC 4096 4096 16777216 Yes

ReLu
11 FC 4096 10 40960 Yes

Softmax

TABLE IV: The VGG-16 network structure used in this work. Here a ConvUnit denoted with m⇥ means m convolutional layers separated by
ReLu.
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FIG. 4: MPO configuration, M
4,4,4,4
4,7,7,4 , used in the calculation of entanglement entropy. As listed in Tab. II and in the main text, all the dimensions

Is and Js are 4, except I2 = I3 = 7 due to the input size is 28 ⇥ 28.

FIG. 5: Entanglement entropy measured from three bonds as shown in Fig. 4 and obtained from the first MPO in the two FC2-MPO networks
after well-trained on the MNIST (black curves) and Fashion-MNIST (red curves) datasets. The two straight lines are the theoretical upper
bounds of the entropies that the MPO-Net could grasp, i.e., blue line is ln 24 for bond2, and green line is ln 16 for bond1 and bond3.

The entropy measured from bond2 and bond3 can be obtained similarly.
The result is summarized in Fig. 5. It shows that for all the three bonds, the entanglement entropy obtained from Fashion-

MNIST is generally larger than that obtained from MNIST, especially the entropy on bond2 from Fashion-MNIST almost
saturates to the upper bound when D = 24. This probably means that the correlation in MNIST is much more local than
Fashion-MNIST, which is consistent with the fact that FC2 and its MPO-Net counterpart can work much better in MNIST,
while for Fashion-MNIST, to obtain a comparative accuracy, one has to use more complicated network, e.g., VGG and ResNet,
as shown in Fig. 1 and Tab. VIII, or their MPO-Net counterparts. This example shows that MPO-Net, as well as its normal
counterpart, indeed perform better in the systems where local entanglement or correlation plays an important role, while for the
systems where most of the correlation is long-range, they probably perform worse. In fact, in our construction, for the Fashion-
MNIST data, FC2 and LeNet-5, and their MPO-Net counterparts, can only give a test accuracy about 90%, much lower than that
in MNIST.

By the way, it seems also in Fig. 5 that the entropy converges to a rather lower value than the theoretical limit on the 1st and
3rd bond for both two datasets, and this actually addresses the existence of locality in the MNIST and Fashion-MNIST datasets,
and provides the possibility to apply MPO-Nets on these datasets (but with more layers probably).

D. About L2 regularization

Essentially, L2 regularization can be regarded as a constrain on the variational parameters in the neural networks. In the field
of deep learning, it is believed to be able to alleviate overfitting, and is widely used in modern neural networks9. Therefore, in
all the networks mentioned in this work, including both the normal neural networks, such as FC2, LeNet-5, VGG, ResNet, and
DenseNet, as well as the corresponding MPO-Net counterparts, the L2 regularization is always used. However, the validity of
MPO representation does not rely on the usage of regularization, i.e., without L2 regularization, MPO-Net should still works
well. In this section, we redo the comparison in Fig.2 and Table.1 in the main text, i.e., performance comparison between
MPO-Net and normal networks on MNIST, to verify this statement, but without L2 regularization.
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counterpart, indeed perform better in the systems where local entanglement or correlation plays an important role, while for the
systems where most of the correlation is long-range, they probably perform worse. In fact, in our construction, for the Fashion-
MNIST data, FC2 and LeNet-5, and their MPO-Net counterparts, can only give a test accuracy about 90%, much lower than that
in MNIST.

By the way, it seems also in Fig. 5 that the entropy converges to a rather lower value than the theoretical limit on the 1st and
3rd bond for both two datasets, and this actually addresses the existence of locality in the MNIST and Fashion-MNIST datasets,
and provides the possibility to apply MPO-Nets on these datasets (but with more layers probably).

D. About L2 regularization

Essentially, L2 regularization can be regarded as a constrain on the variational parameters in the neural networks. In the field
of deep learning, it is believed to be able to alleviate overfitting, and is widely used in modern neural networks9. Therefore, in
all the networks mentioned in this work, including both the normal neural networks, such as FC2, LeNet-5, VGG, ResNet, and
DenseNet, as well as the corresponding MPO-Net counterparts, the L2 regularization is always used. However, the validity of
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Ba, Kiros, Hinton (2016)



E. Stoudenmire and D. J. Schwab, 
“Supervised Learning with Tensor Networks,” NIPS 2016.
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Figure 2: Input data is mapped to a normalized order N tensor with a rank-1 product structure.

Figure 3: For the case of a grayscale image and d = 2, each pixel value is mapped to a normalized
two-component vector. The full image is mapped to the tensor product of all the local pixel vectors
as shown in Fig. 2.

The feature map Eq. (2) defines a kernel which is the product of N local kernels, one for each
component xj of the input data. Kernels of this type have been discussed previously in Vapnik [20, p.
193] and have been argued by Waegeman et al. [21] to be useful for data where no relationship is
assumed between different components of the input vector prior to learning.

3 Classification Model

In what follows we are interested in classifying data with pre-assigned hidden labels, for which we
choose a “one-versus-all” strategy, which we take to mean optimizing a set of functions indexed by a
label `

f `(x) = W ` · �(x) (4)

and classifying an input x by choosing the label ` for which |f `(x)| is largest.

Since we apply the same feature map � to all input data, the only quantity that depends on the label
` is the weight vector W `. Though one can view W ` as a collection of vectors labeled by `, we
will prefer to view W ` as an order N + 1 tensor where ` is a tensor index and f `(x) is a function
mapping inputs to the space of labels. The tensor diagram for evaluating f `(x) for a particular input
is depicted in Fig. 4.

Because the weight tensor W `
s1s2···sN

has NL · dN components, where NL is the number of labels,
we need a way to regularize and optimize this tensor efficiently. The strategy we will use is to
represent W ` as a tensor network, namely as an MPS which have the key advantage that methods for
manipulating and optimizing them are well understood and highly efficient. An MPS decomposition
of the weight tensor W ` has the form

W `
s1s2···sN

=
X

{↵}

A↵1
s1

A↵1↵2
s2

· · · A`;↵j↵j+1
sj

· · · A↵N�1
sN

(5)

`

=
`

W `

�(x)
f `(x)

Figure 4: The overlap of the weight tensor W ` with a specific input vector �(x) defines the decision
function f `(x). The label ` for which f `(x) has maximum magnitude is the predicted label for x.
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Figure 5: Approximation of the weight tensor W ` by a matrix product state. The label index ` is
placed arbitrarily on one of the N tensors but can be moved to other locations.

and is illustrated in Fig. 5. Each A tensor has d m2 elements which are the latent variables parame-
terizing the approximation of W ; the A tensors are in general not unique and can be constrained to
bestow nice properties on the MPS, like making the A tensors partial isometries.

The dimensions of each internal index ↵j of an MPS are known as the bond dimensions and are the
(hyper) parameters controlling complexity of the MPS approximation. For sufficiently large bond
dimensions an MPS can represent any tensor [22]. The name matrix product state refers to the fact
that any specific component of the full tensor W `

s1s2···sN
can be recovered efficiently by summing

over the {↵j} indices from left to right via a sequence of matrix products (the term “state” refers to
the original use of MPS to describe quantum states of matter).

In the above decomposition Eq. (5), the label index ` was arbitrarily placed on the tensor at some
position j, but this index can be moved to any other tensor of the MPS without changing the overall
W ` tensor it represents. To do so, one contracts the tensor at position j with one of its neighbors,
then decomposes this larger tensor using a singular value decomposition such that ` now belongs to
the neighboring tensor—see Fig. 7(a).

4 “Sweeping” Optimization Algorithm

Inspired by the very successful DMRG algorithm developed for physics applications [17, 8], here we
propose a similar algorithm which “sweeps” back and forth along an MPS, iteratively minimizing the
cost function defining the classification task.

To describe the algorithm in concrete terms, we wish to optimize the quadratic cost
C = 1

2

PNT

n=1

P
`(f

`(xn) � y`
n)2 where n runs over the NT training inputs and y`

n is the vector
of desired outputs for input n. If the correct label of xn is Ln, then yLn

n = 1 and y`
n = 0 for all other

labels ` (i.e. a one-hot encoding).

Our strategy for minimizing this cost function will be to vary only two neighboring MPS tensors at a
time within the approximation Eq. (5). We could conceivably just vary one at a time, but varying two
tensors makes it simple to adaptively change the MPS bond dimension.

Say we want to improve the tensors at sites j and j + 1. Assume we have moved the label index `
to the MPS tensor at site j. First we combine the MPS tensors A`

sj
and Asj+1 into a single “bond

tensor” B
↵j�1`↵j+1
sjsj+1 by contracting over the index ↵j as shown in Fig. 6(a).

Next we compute the derivative of the cost function C with respect to the bond tensor B` in order to
update it using a gradient descent step. Because the rest of the MPS tensors are kept fixed, let us show
that to compute the gradient it suffices to feed, or project, each input xn through the fixed “wings” of
the MPS as shown on the left-hand side of Fig. 6(b) (connected lines in the diagram indicate sums
over pairs of indices). The result is a projected, four-index version of the input �̃n shown on the
right-hand of Fig. 6(b). The current decision function can be efficiently computed from this projected
input �̃n and the current bond tensor B` as

f `(xn) =
X

↵j�1↵j+1

X

sjsj+1

B↵j�1`↵j+1
sjsj+1

(�̃n)
sjsj+1

↵j�1`↵j+1
(6)

or as illustrated in Fig. 6(c). The gradient update to the tensor B` can be computed as

�B` = � @C

@B`
=

NTX

n=1

(y`
n � f `(xn))�̃n . (7)
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Figure 8: (a) Decomposition of W ` as an MPS with a central tensor and orthogonal site tensors. (b)
Orthogonality conditions for U and V type site tensors. (c) Transformation defining a reduced feature
map �̃(x).

6.1 Representational Power

To simplify the question of which decision functions can be realized for a tensor-product feature map
of the form Eq. (2), let us fix ` to a single label and omit it from the notation. We will also temporarily
consider W to be a completely general order-N tensor with no tensor network constraint. Then f(x)
is a function of the form

f(x) =
X

{s}

Ws1s2···sN �s1(x1) ⌦ �s2(x2) ⌦ · · · �sN (xN ) . (9)

If the functions {�s(x)}, s = 1, 2, . . . , d form a basis for a Hilbert space of functions over x 2 [0, 1],
then the tensor product basis �s1(x1) ⌦ �s2(x2) ⌦ · · · �sN (xN ) forms a basis for a Hilbert space
of functions over x 2 [0, 1]⇥N . Moreover, in the limit that the basis {�s(x)} becomes complete,
then the tensor product basis would also be complete and f(x) could be any square integrable
function; however, practically reaching this limit would eventually require prohibitively large tensor
dimensions.

6.2 Implicit Feature Selection

Of course we have not been considering an arbitrary weight tensor W ` but instead approximating the
weight tensor as an MPS tensor network. The MPS form implies that the decision function f `(x)
has interesting additional structure. One way to analyze this structure is to separate the MPS into a
central tensor, or core tensor C↵i`↵i+1 on some bond i and constrain all MPS site tensors to be left
orthogonal for sites j  i or right orthogonal for sites j � i. This means W ` has the decomposition

W `
s1s2···sN

=
X

{↵}

U↵1
s1

· · · U↵i
↵i�1si

C`
↵i↵i+1

V ↵i+1
si+1↵i+2

· · · V ↵N�1
sN

(10)

as illustrated in Fig. 8(a). To say the U and V tensors are left or right orthogonal means when viewed
as matrices U↵j�1sj

↵j and V ↵j�1
sj↵j these tensors have the property U†U = I and V V † = I

where I is the identity; these orthogonality conditions can be understood more clearly in terms of the
diagrams in Fig. 8(b). Any MPS can be brought into the form Eq. (10) through an efficient sequence
of tensor contractions and SVD operations similar to the steps in Fig. 7(a).

The form in Eq. (10) suggests an interpretation where the decision function f `(x) acts in three
stages. First, an input x is mapped into the dN dimensional feature space defined by �(x), which is
exponentially larger than the dimension N of the input space. Next, the feature vector � is mapped
into a much smaller m2 dimensional space by contraction with all the U and V site tensors of the
MPS. This second step defines a new feature map �̃(x) with m2 components as illustrated in Fig. 8(c).
Finally, f `(x) is computed by contracting �̃(x) with C`.
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