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Quantum-classical computational molecular design of
deuterated high-efficiency OLED emitters,
Gao, et al. Intelligent Computing (2023)
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- h Replacing H via D improves the emission rate.
Which H should be replaced?

— Al

The data x is the alignment of H and D. The (hidden)
function is the solver for Schrodinger Eq.

L Hs He Using 13 training data, we determined the cost of
emission (Franck-Condon factor):
— 6 5 6
C=Y=1hisi+Yi-1X/=i+1/ijSiS;  (s=1: H. s=0: D)
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Constructed model:
C = 2?:1 hi S; + Zi5=1 2]6':i+1]ij SiSj (S=1Z Hs s=0: D)

Prediction: Use the model to compute the optimal set of D,
under the constraint #D < 3.

QAOA: Result: (p=3. #CNOT = 156)
Mln, < ( )|C|l//( )> §§§:= 5;;3“” sm=mCemsATSRTESS.osssyosefETaTITIEEScEsm=. e
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Quantum Generative Model with Optimal Transport,
Tezuka, Uno, Yamamoto, arXiv, 2022
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— HEfA L8 —E£METIL— VAE (Variational AutoEncoder)

Y (A=t — GAN (Quantum Generative

Input

Adversarial Network)

— Flow-based

Latent Output

(Reconstruction)

Encoder Sample Z Decoder
= pfalz) — L
q(z|z) p(x|z)

Low dim. ﬂ

beta-VAE, ICLR2017




An unknown yet tunable quantum system prepares a set of training
guantum states (e.g., temperature or the interaction strength is tunable).

The goal is to construct a quantum generative model that outputs a set
of quantum states approximating the set of training quantum states.

------------------------------------------

Unknown tunable % —» Training quantum states

V1), [2), [W3), ..

¢ , N approximate
Q generative model Model quantum states

|(P1>, |(P2>, |(P3>,

------------------------------------------

R§1,1(01»1z771,1) I R52,1(02,1Z'flz,1) }_"_

Rﬁl,z (01»22771,2) I R§2,2 (02:22772,2)

R§1,3 (01»3z771,3) I T R€2,3 (92:3z772,3) T

t

Latent variables zq, 25,23, ... /  The resulting generative model is used
""""""""""""""""""""""" to prepare a new quantum state (e.g.
a state hard to realize experimentally).
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Unknown tunable @ \—s» Training quantum states

i quantum system |

\ “ y ,,; |l/)1>' |l/)2), |lp3>r .
e approximate

{  Qgenerative model '} Model quantum states
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p= pilYiX il

i=1

How to define the cost for measuring the gap between the two set?

1 1
Distance between M2k|l/)k)(l/)k| and MZkW’f)(‘pk' may not work.



Use the optimal transport distance (Wasserstein distance)

Wasserstein distance W, is the cost for moving p(x) to q(x)

/ Ground cost (given)

p(x) W.(p, q( )

We(p,q) = min | c(x,y)dm(x,y)
\ /\/ ' T J \

Transport plan

f n(x,y)dx = q(), f (e y)dy = p(x),m(x,y) = 0

In the sample space:

VIIC({xi}){yi})_PgIIQ%glxnz 12 ) CijPij
i=14—dj=

Iz 2 ~7 > N 1
; Sy pP.. = — — L.
: 3 Zi=1 Y zj=1 Pij = N Pij =20

X ; . .
e i} --- can be efficiently solved
L.V.Kantorovich. “On the translocation of masses”. Via |inear programming




Quantum Wasserstein distance W, is the cost for moving {lY;)} to{|p;)}

, N M
A0 Wl oo = min, ). D by
; i= j=

PeRmXTL
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Ground cost (;; may be set as the trace distance

b = 1=l 165G = 1= |0 16510}
)

P Probability to have all zeros

o) —>| 61 (7))




Barren plateau issue

--- The gradient vectors exponentially decay as # qubit increases.

- Localization of the cost mitigates the barren plateau issue.

Catobal (1Y), [9)) = /1 — [(1) [G4|0)?
\

Probability to have all zeros

1 n
Clocal(hb)r |¢>) = E\/Ekzl(l - p(}f))

p® = Tr| RG] [w)wIGs|

Po(k) =1, 01, Q 00| KR K1,

[Y;) —>

G4 (%))

Probability of the k-th bit to be zero
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Variance of the gradient (at the initial point)
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Localization of the cost mitigates the barren plateau issue.
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Training process

Iteration>

Initial




Prediction process

x N>+ 1
e

Training quantum data

"""""
e _ o o o & —

11>

New quantum data produced
from the generative model
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Quantum Fisher kernel for mitigating the vanishing similarity issue,
Suzuki, Kawaguchi, Yamamoto, arXiv:2210.16581, 2022
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Quantum machine learning

B Quantum machine learning (in NISQ* era)
- Quantum computing possibly enhances the performance of machine
learning (ML)
Ex) : Quantum-enhanced feature space for machine learning (ML) [1]
Input space

Quantum space

/
/
/
/
/
/ _
/
/

4 \
4 1
° ’ !
| . . ‘
. i
5 '
i

/
1 oo >
-

I e \\

\ - N

\ // N\ 1

N N S

~ // \ ! v\\
== . \ ! ..
‘ Y h 15-
\ /
\ _/
\
[ ° .

Large quantum space is exploited for feature extraction in ML tasks

(e.g. 433 qubits — 2433~ 1013° dim space)

[1] Havli€ek, Vojtéch, et al. "Supervised learning with quantum-enhanced feature spaces." Nature 567, 7747 (2019).
*NISQ - - - Noisy Intermediate-Scale Quantum



Background: Quantum kernel method
B Quantum kernel methods [1]

10

0.5

0.0

—-0.5

-1.0

Kernel function:

Use Q computer

g

k(x,x') = p(x)p(x")

- Utilizing quantum computers for classical kernel method

Ex) DLP-inspired datasets [2]

1 12 p-1

Feature map: ¢(x)

r\ classical ¢(x) Quantum ¢(x)
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mp Quantum kernel have potential
to have quantum advantage
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[1] Havli€ek, Vojtéch, et al. "Supervised learning with quantum-enhanced feature spaces." Nature 567, 7747 (2019).
[2] Liu, Yunchao, Arunachalam, Temme. "A rigorous and robust quantum speed-up in supervised machine learning." Nat. Phys. 17, 9 (2021).



Details of quantum kernel method

B Fidelity-based quantum kernel (QK)

- A function defined using the fidelity to measure the similarity

between a pair of data x, x’

Fidelity-based QK:

@\
-
5

ko(z,z')

U(x,0)

—R(61)—— (8 )——p——
—R(O—C— —%—mew)— —_-
——R(63——s— —%—R(e,o— —-
——R(O4)—ED— —é—meu)— —_-

!

= Tr [pz,0 02 6]

pzo = U(z,0)poU'(z, 0)

Gram matrix:

| ]
ko(@1, 1) ko(x1,z2)
kq(x2, 1)

_AfQ(w:\'~€Ul)

Classification
y(x) = X a;t; K (x;, x)

127
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[1] Havlicek, Vojtéch, et al. "Supervised learning with quantum-enhanced feature spaces." Nature 567, 7747 (2019).
[2] Liu, Yunchao, Srinivasan Arunachalam, and Kristan Temme. "A rigorous and robust quantum speed-up in supervised machine learning." Nat. Phys. 17, 9 (2021).

ko(xi, x;)

-
kg(x1,zN)

kqo(xn,xN)
|

Regression
fx) = X aiK (%3, x)

oV e
e,
& R
4 %
: \ %
L 4
A,
P Y
.
'.2\4
by LS
P
1.0



<HE1>
(BT RS T 1512 U(x, 0) LR (7 R (F—2I=5
HEFIHFLEE)ZLDOVELNDHLHD ., BEGENEIEEH = FIFHN
/<47XFﬂﬁEo

(f51) Lie et al, Nat Phys. TIXBEEIR E T —2 (XL T a7 RIREE R

<H 2>
U(x,0) ITTRERIBAZTEL-EDE BED—RIL ky(x, x) DEF
EwbII L TR/ G S  FEUEEKRRE - ZERMIC
HMoNTUL=D, EPFLOY IL—T B KURBX THEBAINT=,

EFIa1—JIIRYET—=DIZE+AH BEERMERE

e N 2018F(ZiEHEaSN . LR IENZHIRESINTE -,
# qubits " {R R : Alternating Layered Ansatz (ALA) Z{FE5H D
O—{—{0 (Cerezo (LANL), Nat Comm 2021),
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Vanishing similarity issue

B Vanishing similarity issue in the fidelity-based QK*

- Exponential decrease of the expectation value and variance w.r.t. # qubits

Gram matrices K of the fidelity-based QK for different # qubit

The number of qubits

ko(x,x") decays exponentially fast for
different inputs x = x’

K =

-
ko(z1,21) ko(x1,22) -+ ko(xi,xN)

ko(xa, 1)

-kQ(mNsml)

kQ(wi,a:j)

ko(xn,zN)
I

m An exponential number of measurement shots / overfitting &

poor generalization performance

[3] Huang, Hsin-Yuan, et al. "Power of data in quantum machine learning." Nat. Commun. 12, 2631 (2021).

* This is empirically known [3], but analytically unexplored



Vanishing similarity issue

B Analytical investigation (Setting)
Analytical results of the fidelity-based QK for two types of quantum circuits

Fidelity-based QK:
ko(x,x") = Tr[pyepy | With pyg = U(x, 0)poUT(x,0)

(1) Random quantum circuit acting (2) Alternating layered ansatz (ALA)
on all n qubits

"\ x blocks

U(zx,0)

1 1 1 1T I 1T

N e NN Y I (R MN]
L T 1T 1T 1T T 1
L T 1T 1T 1T T T
[ 1 1T 1T 1T I T
| ) R o) [ i)
| ST P ik Wl (550 [ T
Jo o deeak, Qeavl Joast

n=mk 7

N 1 I I I I I O
1T T 1T 11

U(z,0)

: 2-design (unitary is sampled from an ensemble of unitary possessing
the property of the Haar random unitary up to degree 2)

[4] Cerezo, Marco, et al. "Cost function dependent barren plateaus in shallow parametrized quantum circuits." Nat. Commun. 12, 1791 (2021).



Vanishing similarity issue

B Analytical investigation (Result)
Analytical results of the fidelity-based QK for two types of quantum circuits

The expectation value and the variance of the fidelity-QK vanish
exponentially fast w.r.t. #qubits for both types of quantum circuits.

Case (1) Case (2)

(ko) = 1/2" (ko) = 1/27
2" —1 1 A 1 1
= ~ Varl|k,| < — ~
Var[kQ] 22n(27’l n 1) 22n [ Q] (22m + 1)K 221’1 Zn(z_%)
»Fidelity-based QK cannot avoid the issu with ALA

Case (1) Case (2)

. 2-design




LR IRINNAT AR EATE, HUEFELXMEZENTS
%%ﬁ_*}l/éﬁﬁo
RAU: Do v—h—R)L, HETIE
kp(x,x") = (gx,e:gxr,9)7—1 = gi,o 7_1.990,0
gxo = Vo log Py g : A7 A%

Pro: T—HEMAH(ERIE, FT—2h5
ERETIVEEE)

EFREF IV —D—RIL)ZRE

kgr (2, %) = (Lyg, Lyrg) o1 = 2ij Fap (Lxog Lxr,eb)p

Lyo: RA7EHEEFILLELD |

[5] Jaakkola, Tommi, and David Haussler. "Exploiting generative models in discriminative classifiers." Adv. in Neural Inf. Process. Syst. 11 (1998).



Our proposal: Quantum Fisher kernel
B Quantum Fisher kernel (QFK)

- A quantum extension of the classical Fisher kernel that incorporates the
data structure into the kernel design [3]:

kor(x,x') = %Zi Tr|po{Bx.6; Bxr,}]

l?x,gl. = Uf:i(x, 0)Bg.Uy.i(x,0) py:initial state  x: input data  8: parameters

Uy;(x,0) =U;(x,0;) ...U,(x,0,)U;(x, 8;):input- and parameter-dependent unitary

QFK measures local similarities using information geometric quantity

Fidelity-based QK : Global similarity QFK : Local similarity
10— D —i i
e e e . . S

Uz, 6) -~ =

Ur.i(z,0) Ul (x,0)



Vanishing similarity issue in QFK

B Analytical investigation (Setting)
- Analytical results of the QFK for two types of quantum circuits

The i th component of QFK:

- 1 ~ ~ ) -
kor = 5Tr[po{Bro, Brio}] with Byg, = U, (x,0)B,Us.i(x, 0)

(1) Random quantum circuit acting (2) Alternating layered ansatz (ALA)
on all n qubits

" Lk blocks

U(x,0)

| N T ] PR NN (PR MN]
L 1T 1T 1T 1T T 1
L T 1T 1T 1T T 1
[ 1 1T 1T 1T T 1

1 1 1 1T I 1T
| E ) B [ I ESCe E |
| O Y O IS [ (5 [ |

| S o Eiiedt] M [ASR] [p JTY |

n=mk 7

N N I Y N I N B

1T T T T T T

U(z,0)

: 2-design (unitary is sampled from an ensemble of unitary possessing
the property of the Haar random unitary up to degree 2)

[4] Cerezo, Marco, et al. "Cost function dependent barren plateaus in shallow parametrized quantum circuits." Nat. Commun. 12, 1791 (2021).



Vanishing similarity issue in QFK

B Analytical investigation (Result) (1)

- Analytical results of the QFK for two types of o
quantum circuits :

The expectation of the QFK is zero for both types of quantum circuits.
The variance of the QFK does not depend on the number of qubits n,
but on the size of the unitary blocks in the ALA, m, and the depth of
the corresponding unitary block, d for the ALA, while the issue arises

for the random quantum circuits.
Case (1) Case (2)

22md(2md _ 1) 1
2(22m — 1)2(2m + 1)4(d—1) ~ omd

Var[EQF] ~ oAl Var[EQp] =

»QFK using ALA with shallow depth can avoid the vanishing
similarity issue



Numerical simulations

B Numerical simulations to verify Proposition and Theorem
- Three types of quantum circuits with depth L = 3 are used for both QKs

Variance

10+*
19~¢
10+*

1078 4

g
-
-~
-~

# qubits

The number of qubits

Mg 5 Quantum circuits:
. M - Tensor-product
e T (Tensor)
-®- Fidelity-based QK/Tensor/DEPTH3 S\ R ) ) )
| = Fidelity-based QK/ALA2/DEPTH3 T, ALA with 2-qubit unitary
| -4~ Fidelity-based QK/HEA/DEPTH3 Te *m blocks (ALA2)
—e— QFK/Tensor/DEPTH3 —
| —=— QFK/ALA2/DEPTH3 Hardware efficient
—6— QFK/HEA/DEPTH3 'S ansatz (HEA)
2 4 6 8 10 12 14




Expressivity analysis of QFK

B Expressivity of the QFK in terms of Fourier analysis [6]
- Compare the Fourier coefficients of the fidelity-based QK and the QFK

Fourier representation: k(x,x') = z

w,w' €N

!/

: PN Y |
WX ,lw X
et®*e Corw

10°

10 2 qubits, depth 2 I | I | I — ;if;l(ijtg'-(based QK
10-2 1 .
10— A l l A

100

. 2 qubits, depth 3 I I I
10"1 ’ n . ) :
10-2 LA Al

EEH—R)L

10°

- 2 qubits, depth 4
10 2! . )
10-? oA Al

T4y —hH—=2)L

10°
10

% 3 qubits, depth 2
- it Lkl lton

Amplitude

10°

10

" 3 qubits, depth 3
S rkakahahaha A nAahakakadadar.

10°

(w, ®)

[6] Schuld, Maria. "Supervised quantum machine learning models are kernel methods." arXiv preprint arXiv:2101.11020 (2021).

10 3 qubits, depth 4
1077 § ' | . I ! ! E 6 ﬁ A ﬁ 6 ﬁ & ﬁ A ﬁ ! ! I | I
10-3 1 . q J




Performance analysis of QFK

B Performance analysis using a synthesized dataset
Compare the performance of QKs using a simple binary classification task

Synthesized dataset : {x;, y; l.100

y; = sgn(sin(wx; + 0.3))

w : Frequency of the datasets

e +1

w=2, b=0.3 -1

[aneammmmrenmmmsmwon: ] [aanaasesvomstsanusss ] [awn]
-3 -2 -1 0 1 2 3

e ————-

1.0 1

o
©

Accuracy
Accuracy

o
N

0.6 { —— Fidelity-based QK/DEPTH4
—— ALDQFK/DEPTH4
--- random guess
054 s
A é é 1I0 1'2 1'4
Number of qubits
: 1.0
Fidelity &
0.5
% x K K
QFK ] ,\E\‘: \\‘\‘. \\“

0.0



Summary
B Summary

® To analytically show the limitation of fidelity-based QK (the
vanishing similarity issue)

® To propose a new class of quantum kernels, “quantum Fisher
kernel’ (QFK)

 Analytically and numerically show the QFK can avoid the vanishing
similarity issue

« Show an example where the QFK can outperform the fidelity-based
QK in performance

Fidelity-based QK (upper panel), QFK (lower panel)
1.0 104
0.5 5. 0.8 1
" R, oA \.\ A K g " N N
& 0.0 0.6] — Fidelity-based QK/DEPTH4
—— ALDQFK/DEPTH4
. ---. random guess
The number of qubits 054

The number of qubits
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Quantum information criteria for model selection
in quantum state estimation
Yano and Yamamoto, arXiv 2023

ETFHMFE L. EFREOERTRIBLHEERT,
ETILL EFREOERICMEATNS I EABGET LN
RO ? EFREOZRATICH T A>TERATHED,



MR REDT—FERBREED T DHEETILZEDHT-LV. 2DD
ETILAH f1(x]0). f,(x]|0) DEBLMRBLD, T—2E&HLEITHITE,

o — N T—RHERKR
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